Exact conditions for countable inclusion-exclusion 
identity and extensions 

- - - Shmuel Friedland Elliot Krop 

friedlan@uic.edu ekropl@math.uic.edu 

o : 

CN , Department of Mathematics, Statistics, and Computer Science, 

^ ' University of Illinois at Chicago 

D '■ Chicago, Illinois 60607-7045, USA 

(N 

Abstract 

' We give simple necessary and sufficient conditions for the inclusion-exclusion iden- 

, tity to hold for an infinite countable number of sets. In terms of a random variable, 

• ' whose range are nonnegative integers, this condition is equivalent to the convergence 

I to zero of binomial moments. Some standard extensions of the countable inclusion- 

, exclusion identity are also given. 
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S ! 1 Introduction 

I The method of inclusion and exclusion and the accompanying Bonferroni-type inequalities 

I are very useful and versatile tools in probability and combinatorics. See for example the 

I relative recent book of Galambos and Simonehi [P and references therein. 

■ ■ Let (ri, S, Pr) be a probability space consisting of the sample space O, a tr-algebra S and 

a probability measure Pr on E. Let Ai, . . . ,A„ 6 E. Then the Inclusion- Exclusion Identity 
states: 

n 

Pr(ur.iAO = ^(-If -1 E Pr(^,n...nA,J. (LI) 

, k=l l<ii <...<ifc<ra 

^ I The main purpose of this paper is to give simple necessary and sufficient conditions for the 

Countable Inclusion- Exclusion Identity 

Pr(U;eNAO = ^(-1)''"^ Pr(A,i n .. . n A,J, w/iere e E for i G N. (1.2) 

fceN l<ii<---<4fc 

(Here N,Z+ is the set of positive and nonnegative integers respectively.) As in POj, let 

5fc := E Pr(A,, n . . . n A, J G [0, oo] for fc e N. (L3) 

l<ii<...<ifc 

Clearly, for l|1.2|) to hold wc must assume that each Sk is finite, and the sequence Sk, fc £ N 
converges to 0. The result of Takacs claims that (|1.2|l holds if 5/;, fc G N is a sequence of 
nonnegative numbers that converge exponentially to zero: 

Sk G [0, oo) for fc e N and limsup^l < 1. (L4) 

k — 'oc 
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Moreover, it follows from [2 P- HI, (39)], that the above conditions yield the following 
generalization of 11. 2() 

Pr(ui<., <...<., (A,, n . . . n A,J) = ^ (-1)^ ^)^^+'' ^ ^ ^- ^1-^) 

In this note we show 

Theorem 1.1 Let (ri,I],Pr) be probability space and assume that Ai € U for i e N. 
Then holds for some k G N if and only if Si, I G N is a sequence of nonnegative 

numbers such that lim;_*oo l''~^Si = 0. 

We now list briefly the contents of this paper. In §2 we prove Theorem ll.il In §3 we discuss 
a partition of Q induced by Aj, i G N and discuss a few applications. In §4 we give an analog 
of Theorem ll.ll for the random variable X : — > Z_|_. 

2 Proof of the main theorem 

Let the assumptions of Theorem 1 1 . 1 1 hold . Denote 

Sk,n -= E Pr(Aii n . . . n Ai J for fc < n and Sfc,,! := for fc > n. (2.1) 

Clearly, < Sk.n < (l) for each fc, n G N. 

Lemma 2.1 Let the assumptions of Theorem \ hold. Then for each A: G N the sequence 
Sk,n,n G N is a nondecreasing sequence that converges in the generalized sense to Sk G 
[0, cx)]. That is, Sk < oo if and only Sk,n,n G N «s a bounded sequence converging to Sk, 
and Sk ^ oo if and only if Sk.n, n G N is an unbounded sequence. 

The proof of this lemma is standard and is left to the reader. 

Proof of Theorem ll.il Fix G N. Assume first that (|1.5|l holds. First, Sj,j G N is a 
sequence of nonnegative numbers. Second, the convergence the series in H1.5(l implies that 
limj^oo {IzXjSi = 0, which is equivalent to hnij^oo l^^^Si = 0. 

Assume first that 5*;, Z G N is a sequence of nonnegative numbers. Recall the Bonferroni 
inequalities ^ Ineq. 1.2]. Let 1 < fc < n and assume that d, r G Z+. Then 

E (-i)' t T s,+k,n < Pr(u.,<...<.,<„(A, n . . . n A,J) < 
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Let n ^ oo. Clearly, Pr(Uji<...<j,<„(A,;i n . . . n A.,J) / Pr(Ui<...<,, (A,;^ n . . . n A.^J). Use 
Lemma l2. II to deduce the Bonferroni type inequality 

E (-1)' [ k-\ )^^'+' - P'^(u.,<...<.,(A, n . . . n A,;J) < 



3=0 



E(-iK'I';')^.>- (2-3) 
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Let ad < Cfc < br be the left-hand side, the middle part and the right-hand side of the above 
inequalities. Then Ck G \ad,hd\ for any d G Z+. Assume second that lim;_,oo iyjJi-^Si = 0. 

Hence bd ~ Od ^ S2d+k+i ^ 0. Therefore the left-hand side and the right-hand side 

of H2.3|l converge to Cfe. □ 
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Corollary 2.2 Let (f2,E,Pr) he a probability space, assume that Si G [0, oo),Z G N and 
\1.5\) holds for some k — m > 1. Then ^.5\) holds for k = 1, . . . , to — 1. 



3 A decomposition of a countable sets 

Definition 3.1 Let Q be an infinite set and Ai C f2,i G N. Then 

• Let T C 2^ be the set of all nonempty finite subsets of fi, let J- :— U {0} C 2" and 
for each j G Z+ let Tj <Z be the set all finite subsets o/N of cardinality j. 

• -Bg := Q\ UigN Ai. 

• Boo ■= limsupA; = HigN Uj>i Aj the set of points that belong to an infinite number 
of A„i G N. 

• For each U £ J- denote by Ajj :~ Cii^ijAi, and by Bjj :~ Aij\ Ui^fi\u Ajjij^iy the set 
of points belonging only to Ai,i G U. Let A'u := Aij\B,oq. 

Proposition 3.2 Let il be an infinite set and C 17, z G N. Then 

1. Boo and Bu, U E J- form a countable partition offl. 

2. U.enA,^ BooU{Uue:FBu)- 

3. Au ^ A'JJU{AunBoo)■ 
Assume in addition that (J7,I],Pr) is a probability space and Ai G T,,i G N. If Sk is finite 
for some fc G N then Pt{Boc) = 0. Let 

Tj := ^ Pr(Bc/), for each j G Z+. (3.1) 

Then -^j — ^ '^'^'^ equality holds if and only ifVv[Boo) = 0. Assume that Vv{Boo) = 0. 

Then 

Let I G N and assume that Si G [0, cxd). Then for each positive integer k < I Sk £ [0, oo). 
Suppose furthermore that 2d + k + l,2r + k £ [1, 1] for some d,r € Z+, A: G N. Then \2.!^) 
holds. 

Proof. Claims 1, 2, 3 of the proposition are straightforward. Assume that (il, E, Pr) 
is a probability space and Ai G S,z G N. Since !F is countable, Au ^ A'^ , Boo G S for each 
U 

Assume that Sk = X](7eJ^fc Pr(A;7) < oo- Let Bk^oo be the set of elements in VL which 
belong to an infinite number of Ajj , where U £ Tk- Use the Borel-Cantelli Lemma to deduce 
that Pr(i?fc.oo) = 0. It is straightforward to show that Bk^oo = Boo- Hence Pr(_Boo) = 0. 

From 1 it follows that Pr(-Boo) + X)jez ~ 1- Hence X)jez -^i — ^ '^"^^ equality holds 
if and only if Vv{Boo) =0. 

Assume that Pr(Boo) = 0. Then Vy{Au) = Pr{A'^) for U gT and Sk^ T.ue:F^ Pr(^c/)- 
Let V £ Ti, where / > fc. Then By C A'jj for each U C V. Suppose that #[/ = fc. Then 
V has exactly (^) distinct fc-elements subsets U. Thus By is a subset of exactly (^) sets 
A'lj, U G J^k, and all other subsets A'^, U G J-k are disjoint from By- Hence (|3.2|l holds in 
the generalized sense, i.e. S'fe = oo if and only if the right-hand side of l|3.2|l diverges. 

Suppose that Si < oo. Then Pr(i3oo) = 0. Furthermore the series (|3.2() converges for 
k = l. Let Z > fc G N. As (^) > (p) for p > 2/ - 1 it follows that 

p>2;-l ^ ^ p>2;-l ^ ^ k<p<2l-2 ^ ' 
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Hence 5*^ < oo. 

Suppose furthermore that 2d+k + l,2r + kE [1,1] for some d, r e Z+, A: G N. Then the 
proof of Theorem ini yields (ESJ- ^ 



4 Random variables with values in Z+ 

As m m, Theorem II. II or its variation can be reformulate in terms of binomial moments of 
a random variable X : fl ^ IL^. Assume that Pr(X = ]) = Tj for each j e Z+. Hence 
EjGZ+ = 1. Let := E((^)) for j e Z+. Then S'o = 1 and Sk is given by ^ for 

Theorem 4.1 Let (r2,S,Pr) 6e probability space and assume that X : Q —^ Z-|_ is a 
random variable. Let Sj E(('J)) G [0, oo] for j e Z+. Suppose that Si < oo. T/ien 
Sk < oo /or eac/i Z > £ N. Suppose furthermore that 2(i + fc + 1, 2r + fc G [1, Z] /or some 
d,r G Z+,fc G N. Then 

E (-ir (-^^ t < Prix > fc) < ±i-iy y,+k, (4.1) 

EVd^- ; ' 7 < Pr(X = - 1) < £(-1)^ f^l'- (4.2) 

Furthermore for A; G N one /las the equalities 

Pr(X>fc)^ E(-l)'(^l^ 1 O^^^'^' (4.3) 

Pr(X = fc-l)= E(-l)'Pl^ 1 (4.4) 

i/ and only if Si,l E N is a sequence of nonnegative numbers such that lim;^oo l^^^Si = 0. 

Proof. Assume that tiq G Z-|_ is the first nonnegative integer such that Pr(X < no) > 0. 
For N 3 n > no let X„ : — *■ [0, n] n Z+ be the random variable whose distribution is given 
by Pr(X„ = k) = for fc = 0, . . . , n. Let 5,,„ := E((^.")) for G Z+. Then 

lim Sj.n = S",, lim Pr(X„ > j) = Vv{X > j), lim Pr(X„ = j) = Pt{X = j), for aU j G N. 

n — ^oo n — ^oo n — >oo 

Use the two type of Bonferroni inequalities given in Ineq. 1.2] and the arguments of the 
proof of Theorem II . II and Proposition 13 . 21 to deduce the theorem. □ 

If iSfej/c G N is a sequence of nonnegative numbers such that lim sup 5^' < 1 then the 
equalities H4.3I4.4|I are due to Takacs [S]. 
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